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1. Introduction 

Throughout this paper, let k be a field of characteristic 2. Let G be a classical 
group over k and g be its Lie algebra. Let g* be the dual vector space of g. Fix 
a Borel subgroup B and a maximal torus T C B oi G. Let B — TU be the Levi 
decomposition of B. Let b, t and n be the Lie algebra oi B,T and U respectively. 
We have a natural action of G on g*, g.^(x) = ^{A.d{g)~^x) for g g G, ^ G g* 
and X € Q. Let n' = e 0*|'C(b) = 0}. An element ^ in g* is called nilpotent if 
G.^nn' ([!]). We classify the nilpotent orbits in g* under the action of G in the 
cases when k is algebraically closed and when k is a finite field F^. In particular, 
we obtain the number of nilpotent orbits over F^ and the structure of groups of 
components of the centralizers. 

Let Gad be an adjoint algebraic group of type B,C oi D over k (assume k 
algebraically closed) and Qad be the Lie algebra of Gad- In [7\, we have constructed 
a Springer correspondence for gad (see the references therein). In Section 5, we use 
the Deligne- Fourier transform to construct a Springer correspondence for g*^. Let 
21'^^ be the set of all pairs (c', JF') where c' is a nilpotent Gad-orbit in g*^ and JF' is an 
irreducible Gad-equivariant local system on c' (up to isomorphism). We construct 
a bijective map from the set of isomorphism classes of irreducible representations 
of the Weyl group of Gad to the set SIJ^^^. 

2. SYMPLECTIC GROUP 

2.1. Let V he a vector space of dimension 2n over k equipped with a non- 
degenerate symplectic form /3 : F x F — > k. The symplectic group is defined 
as G = Sp{2n) = {g € GL{V) \ P{gv,gw) = /3(w,w),V v,w &V} and its Lie alge- 
bra is g = sp(2n) — {x £ sl{V) \ (3{xv, w)+(3{v, xw) = 0, V w, w e V}. With respect 
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to a suitable basis, we can assume (3{v, w) = Sw, where S 

Let ^ be an element of g*. There exists X G g[(V^) such that ^(x) — ix{Xx) for 
any x £ q. We define = X + SX*-S and define a quadratic form : ^ k by 
a^{v) = v^SXv = P{v,Xv). 

Lemma 2.1. and are well-defined. 

Proof. We need to show that the definitions of and do not depend on the 
choice of X. We have tr{Xx) = tr{X'x), V x e g, if and only if X + X' = 

{Zl)nxn Z2 



„ ryt \^ where Z\ = Zi, Z\ = Z^ and Z2, Z^ have zero diagonals. This 
^3 Z-^ J 

is true if and only if (i{{X + X')v, v) — \/ v £V. Thus is well-defined. Now 
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tiiXx) = triX'x), V a; e 0, implies {X+X'YS+S{X+X') = 0, which is equivalent 
to X + SX^S = X' + SX'^S. Hence is well-defined. □ 

Given ^ e g*, we denote by {V^,(3,a^) the vector space V equipped with the 
symplectic form /3 and the quadratic form a^. Let /3j be the symmetric bilinear 
form associated to a^, namely, /3^(u, w) = (w + w) + a^{v) + v,w € V^. 

Definition 2.2. Given ^, C G 0*, we say that {V^,(3, a^) is equivalent to (V^, /?, ac;) 
if there exists a vector space isomorphism g ■ ^ such that /3(fl't;, gw) = P{v, w) 
and a(^{gv) = q;^(u) for all u, w € V^. 

Lemma 2.3. Two elements € g* lie in the same G-orbit if and only if there 
exists g E G such that a^(g~^v) — a(^{v), \f v GV. 

Proof. The two elements i^, C lie in the same G-orbit if and only if there exists 
g £ G such that g-£,{x) = ^{g^^xg) = C,{x), V a; e g. Assume ^(x) — iv{X^x) 
and C,{x) = tr(X^.T). Then by same argument as in the proof of Lemma 12.11 
g-^{x) = C{x),V X e g, if and only if (3{gX^g~^v,v) + P{X(^v,v) = if and only if 
a^{g^^v) — V w G □ 

Corollary 2.4. Two elements ^, C S £1* He in the same G-orbit if and only if 
(V^,/3, a^) is equivalent to (V^,/?, ac;). 

From now on assume ^ G g* is nilpotent. Then it is easily seen that is a 
nilpotent element in gl(V^). Let A = k[[i]] be the ring of formal power series in the 
indeterminate t. We consider as an A-module by (J^akt^)^ = J^akT^v. Let 
E be the vector space spanned by the linear functionals t"'^ : ^ k, ^ a^f* i-^ 
Ofe, A: > 0. Let Eq and Ei be the subspace ^kt"^*"' and ^ki^^*^^^ respectively. 
Denote ir.i : E ^ Ei, i = 0,1 the projections. The vector space E is considered as an 
A-module by {au){b) = u{ah) for a,b e A,u e E. Define Lp : VxV E^t/j : V ^ Ei 
find ip^ : V X V ^ E,ij^ : V Ea hy 

and 

fc>0 fe>0 

Notice that we have P^v, v) = v^X^SvWSXSSv = and (T^w, v) = (3{T^v, Xv) + 
(3{v, XT^v) = (3mv, T^v) = 0. By Proposition 2.7 in [2], we can identify {V^,P, a^) 
with (V^, ip, ip, ip^, V?)- The mappings (p, ip and <p^,tp^ satisfy the following properties ([5]): 

(i) The maps ip(-,w) and tp^{-,w) are ^-linear for every w S V^. 

(ii) ip{v, w) — p}{w, v), (p^{v, w) — ip^{w, v) for all v,w G V^. 

(iii) Lp{v,v) — ip{v), ip^{v,v) = for all v G Vj. 

(vi) ip{v + w)— ipiv) + "ipiw), ^p^(v -\-w)— Tp^iv) + Tpiiw) + Tro{ip^{v, w)) for all 

(v) tp{av) = a'^ip{v),tp^{av) = a^tp^lv) for all u G V^, a e A. 

Following [2], we call (Vj, a{) a form module and {V^,'p, ip, ip^,ip^) an abstract 
form module. Corollary 12.41 says that classifying the nilpotent G-orbits in g* is 
equivalent to classifying the equivalence classes of the form modules {V^,P,ai^). In 
the following we classify the form modules (Vj,/3, aj) via the identification with 
{V^,(p,'ip,ip^,ip^). Define p{V^) — p{T^) to be the partition associated to via 
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Jordan normal form. Define an index function xv^ : Z ^ N for (V^,/3, aj) by 
Xv^{m) = min{« > 0|T™u = a^{T^v) = 0}. Define fi{V^) to be the minimal 
integer m > with T™V^ = 0. For u G V^, we define = ii{Av). Similarly we 
define for E and for u E E. 

Lemma 2.5. FFe /laue '(/'(w) = and ip^{v,w) — tip(v,w) for all v,w E V^. 

Proof. The first assertion follows from f3{T^v, v) = 0,y v E V^. The second assertion 
follows from P^{T^v,w) = l3{T^^^v,w). In fact, we have f3^{v,w) = f3{v,Xw) + 
P{w,Xv) = (3{v,T^w). a 

We consider the orthogonal decomposition of with respect to (p, which is also 
an orthogonal decomposition of with respect to (/?^ since ip{v,w) = implies 
(fi^{v,w) = 0. Recall an orthogonal decomposition of V is an expression of V as a 
direct sum V = X]i=i of mutually orthogonal submodules Vi. A form module V is 
called indecomposable ifV^O and for every orthogonal decomposition V = Vi(BV2 
we have Vi = or V2 = 0. Every form module V has some orthogonal decomposition 
V — J2l=i indecomposable submodules Vi, V2, K- 

We first classify the indecomposable modules (with respect to f) that appear in 
the orthogonal decompositions of form modules (V^, /3, a^). Let (V^, </3, ijj, ip^jip^) be 
an indecomposable module, where ^ G g* is nilpotent. Since ip{v) — 0, for all v G V^, 
by the classification of modules (Vj, ip), there exist vi,V2 such that = Avi(BAv2 
with fj,{vi) = fi{v2) = m and <p(x)i,D2) = t^~"^ (see [2], notice that j3 is non- 
degenerate on V^). Denote ^^[vi) = ^'i, tl)^{v2) — '^2 and ip^{vi,V2) = t^^'" = <f>^. 

2.2. In this subsection assume k is algebraically closed. 

Proposition 2.6. The indecomposable modules are Wi(m) = Avi(BAv2, [^] < I < 
m witft /i(wi) = A'(w2) = rn, ip(^{vi) = '04(^2) = and (y9(wi,i;2) = M^e 

/lawe XWi(m) = [iTT-'Jjy where [m;l] : N — > Z is defined by [m;l]{k) = max{0, minjfc — 
m + l,l}}. 

Proof. Assume ^{'^i) > ^(^2)- Let v'2 — V2 + avi. The equation ^'4(^2) = *2 + 
a^V&i + 7ro(a$^) = has solution for a, hence can assume ^2 = 0. Assume ^I^i = 
Si=o'^«^^^*' G k, a; ^ 0. Let v'l ~ avi, a G A, can take a invertible in A such 
that ip^iv[) ^ t-'^K Let v'^ = a"^f2- One verifies that ip^{v[) = t~'^\ ipd'"''!) = 
and ip{v[,V2) — i^^™. Furthermore, we can assume [m/2] — 1 < Z < m — 1. 
In fact, we have I < m - 1 since f^v = 0,\/ v e V; if I < [f] - 1, let v{ = 
wi +t"-2;-2^^ ^^,„_2[f]^2^ ^.j^gj^ ^^^^/-) ^ ^-2([^]-i) if{v'^,v2) = t'^-"\ One 

can verify that the modules Wi{m), [m/2\ < I < m exist and are not equivalent to 
each other. Moreover, XWi(m) = [m]l]. □ 

Lemma 2.7. Assume mi > m2. 

(i) Ifh < I2, then Wi,{mi) ® Wi^{m2) = Wi^{mi) ® Wi^{m2). 

(ii) Ifmi-h < 1712-12, thenWi,{mi)®Wi^{m2)^Wi,{mi)(BW,n2-nn+h{m2). 

Proof. Assume W;;(TOi) = Avi®Awi withtp^{vi) = t'^^'^'"' ,ip^{wi) = and ip{vi,Wj) = 
5i^jt^~^\ip{vi,Vj) = Lp{wi,Wj) = 0, i,j = 1,2. Let vi — wi-|-(l-|-i'^~'i)i'2, wi — wi, 
V2 = V2, W2 = W2 + (t'"!-"^ ^ fmi-h-m2+h'^^^^ xhcu we havc ip^lvi) = t2-2i2^ 
ipiiwi) = and ip{vi,Wj) = 5ijt^~™-\ip{vi,Vj) = ip{wi,Wj) = 0, i,j = 1,2. This 
proves (i). (ii) is proved entirely similarly. 

□ 
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By Proposition 12.61 and Lemma 12.71 for every module V, there exists a unique 
sequence of modules Wi^{mi) such that V is equivalent to Wi^(mi) © Wi2{m2) (B 
■■■®Wi^{ms), [^] < h < m,, mi > m2 > ■■■ > rus, h > h > ■■■ > Is 
and mi — h > m2 — ^2 > ■ • • > ms — Is- It follows that p{V^) = m\ ■ ■ ■ ml and 
Xy^Cfc) = supjXH',jmo(^) aU fc e N and xv{mi) = XH',,(mO = h- Thus we have 
the following proposition. 

Proposition 2.8. Two nilpotent elements ^, C G 0* He in the same G-orbit if and 
only ifT^,T(^ are conjugate in GL(V) and x{V^) = x(^c)- 

It follows that the nilpotent orbits are characterized by symbols 

{mi)l ■■■{m,)l, 

where [^] < k < mi, mi > m^+i, k > li+i and m^-li> mi+i - k+i, i = l,...,s. 

We associate to the orbit (mi)^^ • • • {ms)f^ a pair of partitions {li, . . . , ls){mi — 
li, . . . , ms — Is)- This way we construct a bijection from the set of nilpotent orbits in 
g* to the set {(/i, + = n^Vi < + which has cardinality p2('T')—?'2("-— 2). 

2.3. In this subsection, let k = Fg. Let G'(F^), 0(F^) be the fixed points of a 
Frobenius map relative to F^ on G, q- We study the nilpotent G(Fq)-orbits in 
Q{Fq)* . Fix 6 ^ {x^ + x\x e Fq}. We have the following statements whose proofs 
are entirely similar to those of 'Tj. For completeness, we also include the proofs 
here. 

Proposition 2.9. The indecomposable modules over Fq are 

(i) W^'im) = Avi ® Av2, (to - l)/2 < / < to with 'ijj^{vi) = t'^"'^' , 'ip^{v2) = 
and ip{vi,V2) — t^^'"^ ; 

(ii) Wf{m) = Avi ® Av2, (m - l)/2 < I < m with ip^{vi) = t^"^', ip^M = 
(5i"2(m-i-0 and ip{vuV2) ^t^-"". 

Proof. Let = Avi ® Av2 be an indecomposable module as in the last paragraph 
of subsection 12. II We have <i>^ = i^^™. Can assume /i(^'i) > m(^'2)- We have the 
following cases: 

Case 1: = ^2 = 0. Let Hi = vi + t"^^^^^^v2,V2 = V2, then we have ip^ivi) = 
i2-2[f ]^ V«(v2) = and ipivi,V2) = t^"™. 

Case 2: "$1 7^ 0, 4*2 = 0. Can find a,b ^ A invertible, such that ip^{avi) — 
t~'^'',ip^(bv2) — 0,if{avi,bv2) = i^^™. Hence can assume = t^'^^ where k < 
TO - 1. If fc < - 1, let vi ^ vi + t™"2[^lu2 + t™"2*:-2^^^ ^ otherwise, 
let vi = vi, V2 — V2- Then we get i}^{vi) — i^^*^, [^1 — l<fc<TO — 1, ^'£,{^2) = 
0, ^{vuV2)=t^-'^. 

Case 3: ^I'l 7^ 0, '^2 ^ 0. Can find a, 6 e ^ invertible, such that tp^{avi) = 
t~'^''^ ,(p{avi,bv2) = t^^"\ Hence can assume VPi = ^'2 = X^iLo '^i*"^' ^^^^ 

^2 < ^1 < — 1. Let V2 = V2 + X]"=o^ Xit^vi- Assume li < then ip^{v2) — 

has solution for Xi's and we get to Case 2. Assume li > If 0^-11-2 & 

{x^ + x\x £ Fq}, then ■0?(^2) = has solution for Xi's and we get to Case 2; if 
am-h-2 ^ {x^ + x\x G Fq}, then ^'{(^'2) = (5t-2("i-'i-2) j^^^g solution for x^'s. 

Summarizing Cases 1-3, we have normalized = Avi ® Av2 with fi{vi) = 
/i(w2) = TO as follows: 

(i) (to - l)/2 < xim) ^l<m, ^^{vi) = t^'^' , ^^{v2) = 0, ^ivi,V2) = i^-™, 
denote by W°(to). 
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(ii) (to-1)/2 < x{m) ^ I < m, = i^"^', V'^(^'2) = Ji-^t""'"!) , (^(z;i,i;2) = 

i^-™, denote by Wf{m). 

One can verify that these form modules are not equivalent to each other. □ 

Remark 2.10. It follows that the equivalence class of the form module Wi{m.) over 
Fq remains one equivalence class over when I = ^^^^ or m and decomposes into 
two equivalence classes Wi^{m) and W/(m) over Fq otherwise. 

Lemma 2.11. Assume mi > m.2, h > h and mi — Zi > m,2 — h- 

(i) Ifh +l2< mi, then W['Jmi) ® W^^{m2), W^^{mi) ® VK/^(to2), W/^(mi) 
(m2) and (wi) ® VF;'' (m2) are noi equivalent to each other. 

(ii) Ifh+l2>mi, thenW°{mi)®W°{m2) = W/^ (mi)®W/jm2) anrfWO(mi)® 
W^;2('n2) — Wf^{mi) ® W;^(m2). T/ie iwo pairs are not equivalent to each other. 

Proof. Wc show that W[[{mi) ® W/^(m2) and W/^(mi) ® W(°(m2) are equivalent 
if and only if h + I2 > mi. The other statements are proved similarly. Assume 
the form module W^^ {mi) ® Wf^ {m2) corresponds to the nilpotent element ^ in g*. 

Take vi, wi and V2, W2 such that W° (mi) ® Wf^ (TO2) = Avi ® Awi ® Av2 ® Aw2 
and ^j(wi) = t2-2/i^^^(^^) = 0,<^(wi,wi) = ti-™\V«(v2) = t2-2'2^^^(y^2) = 

^^-2(m2-;2-l)^ (^(-^2, W2) = t^"'"^^ (^(^^^^ ^2) =</j(l>i,W2) =(yj(wi,l;2) =iy?(wi,W2) = 

0. Similarly, assume the form module Wf^ (wi) ® (7722) corresponds to the nilpo- 
tent element ^' in g*. Take and V2,W2 such that VI^;'J(toi) ® H'^;"(™2) = 
Av'i® Aw'i® Av'2® Aw'2 and V'eK) = V-eKi) = <^(wi, w'l) = 
i'-'"S#(^^^) = ^2-2'^V^'(«;i) = 0,'piv'2,w'2) = ^l-'"^(p(«i,^;^) = 'fiiv^w'^) = 

Viw'ii'v'2) = (p{w'i,W2) = 0. 

The form modules W;°(mi) ® Wi^{m2) and iy/^(mi) ® W;°(m2) are equivalent 
if and only if there exists a linear isomorphism g : V ^ V such that 'tp^'igv) = 
V'^(u), ip{gv,gw) = (p{v,w) for any v,w gV. Assume 

mi— 1 1712 — 1 

gvj = ^ {aj^ifv'i + bj^ifw'i) + ^ {cj,it''V2 + dj^ifw'2), 

mi — 1 m2 — 1 

S'^'i = Yl (^J'.^^'^i + hit'^'i) + X! (5j.»**^2 + hj,ifw'2),j = 1,2. 

Then {mi) ® W;"^ (7712) and W;"^ (7711) ® W;" (7772) are equivalent if and only if the 
equations V'j'(5Vi) = tp^{vi),tp^'{gwi) = '4j^{wi),ifi{gVi, gvj) = (p{vi,Vj),(p{gVi, gwj) = 
ip{vi,Wj),ip{gwi,gwj) = ip{wi,Wj),i,j = 1,2, have solutions. 

If li + I2 < 777,1, some equations are 2;i_mi + ei,2ii-mi = <^ (if h 7^ ^) or 
ei,o + ei,o/i,o + ^fifi = O,ai,o/i,o + ^1,061,0 = 1 (if h ^)- By the definition 
of 5, this has no solution for ei,2ii-mi or 01,0,^1,0761,07/1,0, which implies that 
W;°(r7ii) ® W;'^(r7i2) and W/^(r7ii) ® W;°(r7i2) are not equivalent. 

If li + I2 > TTii, let gvi = v[,gwi = w[ + \/8t^^^'-'^~"^^V2, gv2 = V2,gw2 = 
w'2 + V6t''^~^''^~"^^v{, and gfvj = fgvj,gfwj = fgwj, then this is a solution for 
the equations. It follows that W;°(mi) ® W;*(m2) = Wf^{mi) ® W;°(7n2). 

□ 

Proposition 2.12. The equivalence class of the module Wi^{mi) ® • • • ® Wi^{ms) 
over Fq decomposes into at most 2'^ equivalence classes over Fq, where k = #{1 < 
i < s\li + k+i < mi and k > ^^^^^}. 
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Proof. By Proposition [2l9] and Remark l2.101 it is enough to show form modules of 
the form (n^i) © • • • © W^" (tos), where Ci = or S, have at most 2*^ equivalence 
classes. Suppose ii,i2, ■ ■ ■ ,ik are such that 1 < ij < s,li. + U^+i < rrii., li. > 

~ Then using Lemma [2.111 one can easily show that module of 

the above form is isomorphic to one of the following modules: V^^ © • • •© V^'^'' , where 

= • •©<,_, K*-i)©w^™'., KJ, i = 1, . . . , /c- 1, *o = 0, 

and Vk = © • • • © W^^^^Jm.J © Wl^^^{m^,+l) © • • • © M^,°(m,), 

et = or (5, i = 1, . . . , /c. Thus proposition is proved. □ 

Corollary 2.13. The nilpotent orbit {mi)f^ ■ ■ ■ (rag)f in Q{Fq)* splits into at most 
2^ G{Fq)-orbits in Q{Fq)* . 

Proposition 2.14. The number of nilpotent G{Fq)-orbits in g{Fq)* is at most 
P2{n). 

Proof. Recall we have mapped the nilpotent orbits in g(Fq)* bijectively to the set 
{(//, + \v\ — n,Vi < Hi + 1} A. By Corollary I2.13[ a nilpotent orbit 

in Q{Fq)* corresponding to g A,^ = (^i, ^2, ■ • ■ , Ms), = [vi,V2, ■ ■ ■ 

splits into at most 2^ orbits in ^(Fg)*, where k — #{1 < i < s|/ii+i + 1 < 
Vi < l^i + 1}. We associate to the orbit 2^ pairs of partitions as follows. Sup- 
pose ri, r2, Tfc are such that jin+i + 1 < Vn < fJ-ri + l,i = 1, fc, then denote 
A^^'* = ■ • ■ = (i^n-i+i, ■ • ■ ,i^ri),M^'* = (i^r,_i+i - - 

l),i/2^* = + l,...,Ain + = 1, . . . , k, fi''+^ = . . . , ^5), i^'-'+i = 

{vrk+ij ■ ■ ■ 1 i^s)- We associate to (/i, j^) the pairs of partitions (pi^i' - ><^fc^ - 

^ (^^1.1, ^^2,2^ _ ^ ^ ..,6^ = ^,^2,2^ _ ^ ^ j,efc,/c^ where 

Ei e {l,2},i = l,...,fc. Notice that the pairs of partitions ^ f/*^!"--^^*: ) are 

distinct and among them only (/x, v) = (/i^' "'^, j/i' - 'i) is in A. One can verify that 

G A, /c = + 1 < < M» + 1}} is in bijection 

with the set {(/i, |/.t| + — n}, which has cardinality p2 ("■) . It follows that the 
number of nilpotent orbits in g(Fg)* is less that P2{n). □ 



3. ODD ORTHOGONAL GROUP 

3.1. Let y be a vector space of dimension 2n + 1 over k equipped with a non- 
degenerate quadratic form a : V ^ k. Let f3 : V x V ^ k he the bilinear form 
associated to a. The odd orthogonal group is defined as G = 0{2n + 1) = {g E 
GL{V) I a{gv) = a(w),V v G V} and its Lie algebra is g = o{2n + 1) = {x G 
qI{V) I (3{xv, w) = 0, V w S y and tr(x) = 0}. With respect to a suitable basis, we 

/ \ 

can assume a{v) — v*Bv where B = 0„xn • Thus P{v,w) — v^Sw, 

V 1/ 

/ /„x„ \ 

where S = i Inxn • Let f be an element of g*. There exists X £ 
\ / 

gl{V) such that ^(x) = tT{Xx) for any x e 2- We define = X^S + SX and 
(3^ : V X V ^ k, {v,w) v'^X^w. 

Lemma 3.1. X^ and [3^ are well- defined. 
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Proof. It suffices to show that the definitions do not depend on the choice of X. We 

({Zl)nxn Z2 
Z3 Z\ 
71 72 a 

where Z\ — Z2tZ\ = Z3. Hence ii{Xx) — tr{X'x), V a; £ g, if and only if 
j3{{X+X')y,w)+f3{v,{X + X')w) = 0, V w G V", which is equivalent to 

x'*s + sx'. a 

Given ^ G 0*. Denote (V^, a, /3^) the vector space V equipped with the quadratic 
form a and the bilinear form 

Definition 3.2. Assume ^, C G 0*- We say {V^,a, /3^) and (V^, a, fie;) are equivalent 
if there exists a vector space isomorphism g ■ such that a{gv) = a{v) and 

I3c,{gv, gw) = w) for any v,w G V^. 

Lemma 3.3. Let & 0*; then lie in the same G-orbit if and only if there 
exists g (z G such that P(^{gv, gw) — (3^{v, w) for any v,w G V . 

Proof. Assume £,{x) — tr(A^x),C(x) = tr(A"^a;), Va; G Q. By same argument as in 
the proof of Lemma [3TT| ^, C he in the same G-orbit if and only if there exists g G G 
such that l3{{gX^g~'^ + w) + l3{v, [gX^g'^ + Xc)w) = 0, V ^; G which is 

equivalent to — g'^X^g. □ 

Corollary 3.4. Let ^ 9* > then lie in the same G-orbit if and only if 
(V^,a,P^) is equivalent to (V^j, a, /?(;). 

Assume G g* are nilpotent. We derive in the following some necessary 
conditions for (V^,a,/3^) and (V^,a,/3|j) being equivalent. 

From now on assume ^ G g* is nilpotent. Let X^ and (V^,a,/3^) be defined as 
above. Let A be a formal parameter. Let vq, . . . , Vm be a set of vectors which is a 
solution for the equation (X^ + XS) X^IHo ^^^^ ~ ^ such that m is minimal, namely, 
such that vq 7^ 0. Lemma l3 . 5113 .91 in the following extend some results in [5]. 

Lemma 3.5. The vectors vq, . . . ,Vm (up to multiple) and m > are uniquely 
determined by X^. Moreover, (3(vi, Vj) — P^{vi, Vj) = 0, i, j — 0, . . . ,m, a{vi) = 0, 
i = 0, . . . , m — 1 and can assume a{vm,) = 1- 

Proof. The first assertion follows from the rank of S being 2n. Can assume X^ 
/ xi \ 

has the form xi X2 + x\ 7 where xi and X2 are strictly upper triangular 

V 7* ; 

n X n matrices. Then m is the smallest integer such that x'l^^ 
,vi = 

Lemma 3.6. There exist uq, ui, . . . , Um-i such that (3{vi, Uj 
l3{ui, Uj) = P^{ui, Uj) — 0, i = 0, . . . , TO, j = 0, . . . , TO — 1 and a{ui) 

0, . . . , TO — 1. 

Proof. Write Ui = | (uf)„xi | . Let uq satisfy Uq*x\j = 0, i = 0, . . . ,to — 2, 

T,3 







UQ*a;™ ^7=1 and Uq = a/ Mq'uJ (such uq exists). Define Ui, i = 1, . . . ,to — 1 



8 



TING XUE 



inductively by uf — x{uf_i, — xim-i + {x2 + x\)u'j_i + uf_j7, and ttf = 
ufu\. Then we have X^^Ui-i = Sui, i — l,...,m — 1. Thus (3(ui,Ui+2k) = 

0. It foUows that f3{ui,Uj) — 0. Similarly (3^{ui,Uj) — 0. The Uj's satisfy the 
conditions desired. □ 

Lemma 3.7. The vectors vo,vi, . . . , Vm, uq, ui, . . . , u„i~i are linearly independent. 

Proof. Assume X]™ o "^^^ + Sllo^ = 0- Then o "^^^^ + I]"=o^ ""i) = 

J = 0, P{J2T=o^i'"'i + YT=o^ b,u„Vj) = bj = 0, j = 0, . . . ,m- 1 and f3^{J2'^oaiVi + 



a 



J27Lq^ biU.i,Um-i) = am =0. □ 

Let V2m+i be the vector subspace spanned by wo, fi, ■ • ■ , Wm, uq, ui, . . . , Wm-i, 
and W = e = = 0, V t; e ^2™+!}. 

Lemma 3.8. We have — V2m+i -L/3,/35 W. 

Proof. A vector w is in ly if and only if (3{w, Vi) = P^{w, Vi) = 0, i = 0, . . . ,m and 
P{w, Ui) — l3^{w, Ui) — Q, i — 0, . . . ,m — 1. By our choice of Vi and Mi's, we have 
Svm ~ X^vq ~ 0, I3{w, Vi) — (3^{w, Wi+i) and I3{w, Ui) — P^{w, Ui-i)- Hence w GW 
if and only if P{w,Ui) — (3{w,Vi) = 0, i — 0, ...,m — 1 and = 0. 

Thus dimM^ > dimVj - (2m + 1). Now we show V2„i+i C^W ^ {0}. Let w 

Z^i" "i^* + I]"io^ *S V2m+i n Ty. We have (3{w, uj) = a-j = 0, /3(w, w^) = 6j = 
0, j = 0, . . . , TO — 1, and (3^{w, — = 0. Hence together with the dimension 

condition we get the conclusion. □ 

Lemma 3.9. Assume — V2mj+i,{ © is equivalent to = V2m^+ix ® Wq, 
then TOj = TO^ and (W^,/3,/3j) is equivalent to (VF^, /3, /3<-). 

Proo/. Assume V2m;+i,5 ~ spanju^ , u,^}, V2m<.+i,c = span{t;f , wf }, where {X^ + 
XS)J2TJo'"i>'' = and {X^ + XS)J2TJovfX' = 0. By assumption, there ex- 
ists g : V^2mj+i,5 ® ^ ^2m<;+i,c ffi s^'^'^ ^'^at P{gv,gw) = I3{v,w) and 
(3Q{gv,gw) = /35(w,u;). We have (X^ + AS') X)™ = 0. This implies that 
{X^ + AS) X]"=o 5^^'^i^A* = 0. Hence = and 5"^wf G ^2™^+!,$. 

For w g Wj, suppose gw = aivf + ^ fe^wf + w' where w' € VF(^. Since g~^vf e 
V2m5+i,5, we have P^{g~^vf ,w) = 0, i = 0,...,toj. It follows that (3Q{vf,gw) — 



W I 



6j = 0, i = 0, . . . , — 1. We get gw = ^ a.^vf + w' . Define ip : ~+ Wq by 
gw projects to 1^,^. Let wi,W2 & Wj. Assume gwi = X] ^^'^^ + '"^1) 5'"'2 = + 
We have P{gwi,gw2) = /3{w[,w'2) = P{wi,W2), Pcis^i, gw2) = (i(^{w[,W2) = 
l3^{wi,W2), namely, I3{(.p{wi) , ip{w2)) = /?(u;i,W2), /3c(v(wi), </5(w2)) = l3^{wi,W2)- 
Now we show that is a bijection. Let w G be such that (^^(w) = 0. Then for 
any v € W^, (3{v,w) = I3{ip{v),ip{w)) = 0. Since /^IwjxWj is nondegenerate, w = 0. 
Thus (/9 is injective. On the other hand, we have dimW^ — diniW^. Hence ip is 
bijective. □ 

Let = V2m+i ® be as in Lemma \TM Then we get a 2(n — m) dimensional 
vector space W, equipped with a quadratic form a\w and a bilinear form P^\wxw- 
It is easily seen the quadratic form a\w is non-defective on namely, /^Ivi/xw 
is non-degenerate. We have maps (jip : W ^ W* , w 1-^ {w' 1-^ (3{w,w')) and 
4>/3^ : W W* , w 1-^ {w' 1-^ P^{w,w')). Since /3|vi/xTy is non-degenerate, ip/S is 
invertible. Define : W —f W to he the linear map (p^^ ■ (pp^ . 
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Corollary 3.10. Assume — V2rn^+i,i®W^ is equivalent to V(; — V2m^+i,c ® W^C; 
then — to^ and Tj, are conjugate. 

Lemma 3.11. Assume ^ is nilpotent. Then is nilpotent. 

(Xi X2+x\ 7 \ 
x\ {X^ as in the proof of Lemma [S^]), 
/ 

then T is nilpotent. Let w € W. We have P{vm,Tw) = and (3{vi,Tw) — 
v^SSX^w — [3^{vi,w) = 0, since vlSS ~ Vi, i ~ 0,...m — 1. We show that 
(3iui,Tw) = ulSSX^w = 0,i = 0, .. .TO - 1. For w = ((w^)ix«, iw^)ixn,w^Y £ W, 
we have (3^{vm,w) = 7*^^' = 0. Thus u\X(^w = ufxiw^^ + + uf{x2 + x\) + 

y3*y^^2t _|_ y2t^yj3. ^ ufxiw^^ + {ufx\ + Mf*(a;2 + xl))^)^* + uf^jw^ = ulSSX^w 
and P{ui,Tw) = follows. 

Suppose Tui = X^Zlo "^^^^ "I" X]fc=o^ where wq G W. Then P(vi, Tw) = 

6i = 0jf3(uijTw) — ai ~ 0,i ~ 0,...,to — 1, a™ = P^ium-i^Tw). Thus we 
have Tui = P^{um-i,Tw)vm + wq. We claim that T^w = wq. In fact we have 
P^{w,w') — P{Tw,w') = I3{wq,w') for any w' e W. Thus (l)p^{w) = (^^{wo). 
Write Ci = l3^{um-i,T^w). We have T^w = Tw + ciVm and T'wm — Vm-i- It is 
shown by induction that T^w — T^w + J2i=i '^j'^m-j+i, j < to + 1 and T^^-'w = 
T"^+iw + J2iLo Since T is nilpotent, for i big enough, we have q = and 

0. Thus is nilpotent. □ 

3.2. In this subsection assume k is algebraically closed. From above, every form 
module (V^, a, (3{) can be reduced to the form = V2m+i ffi W^, where V2m+i has 
standard basis as in Lemma [3.51 and [ 3.61 We have that {V^,a,(3^) is determined 
by V2m+i and (Wj, ajivj , /SjIvKj xWj )• Now we consider {W^,a\wi:, Pilw^xw^) ■= 
{W,a\w,Pi\wxw) and let : ^ be defined as in subsection 13.11 Let 
o{W) = {x€ Ql{W)\(3{xw,w) = 0, y w eW}. 

Lemma 3.12. On W, we have I3^{w,w') = P{T^w,w') for any w,w' € W and 
e o{W). 

Proof. The first assertion follows from the definition of T^. The second assertion 
follows since (3{T^w,w) — P^{w,w) and f3^ is an alternating bilinear form. □ 

It follows that (3^\wxw is determined by and P\wxw- Since T^ G o{W) is 
nilpotent (Lemma 13. lip . we can view W a.s a fc[Tj]— module. By the classification 
of nilpotent orbits in o{W), W is equivalent to W/^(toi) • • • Wi^{ms) for some 
"T-i > • • • > "T-s, ^1 > • • • > and mi — h > ■ ■ ■ > — Is, where [(m^ + l)/2] < 
h < 'nii (notation as in 2 ). 

Lemma 3.13. Assume m < k ~ I. We have V2m+i ® Wi{k) = V2m+i ffi Wk-mik). 

Proof. Assume V2m+i — spanjwo, ■ ■ • , i^m, "Oi ■ ■ ■ , "m-i}, where Vi, Ui are chosen as 
in Lemma 123] and Lemma [5^ Assume V2m+i ffi Wi{k) and V2m+i ffi Wk-m{k) 
correspond to ^1 and ^2 respectively. Let Ti = T^^ : Ty!i(A:) — > Wi^{k) and 
T2 = : Wi^{k) — > W/2(fc) be defined as before. There exist pi,p2 such that 
Wi(k) = span{pi,...,Tf-Vi,P2,...,Tf-V2}, T^Pi = Tfps = 0, a(Tlp^) - 
a(r^p2) = 0, PiTlpi,T(pi) = f]{Tlp2,Tlp2) = and (j{Tlpr,Tip2) = 
6i+j.k-i- There exist n, T2 such that Wk-m{k) = span{ri, . . . , Tj''""^^, T2, . . . , T^~^T2}, 
Tin = r|T2 = 0, a(T2Vi) = S,,k-m-i, a{TiT2) = 0, (3{T^Ti,TiTi) = /^(TaVa, T|t2) = 
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and /3(r2Vi, r|r2) = ^^+J,k-l■ Define g : Fa^+i Wi{k) ^ Fa^+i VKfe_™(fc) by 
5Ui = Vi, gu, ^Ui + (x'^'=-(™+0+» _|_ Tj)r2, gri'p2 = ^1x2, gTlpi = T^n + Wfc-i-j + 
Vrn+i-i-j where = 0, if i < or i > m. Then g is the isomorphism as desired. □ 

Lemma 3.14. Assume m > k — li,i — 1,2. We have V2m+i © Wi^ (k) = V2m+i © 
Wi^ik) if and only if li = I2. 

Proof Assmne k - m <li < h- We show that y2m+i © Wi^ (fc) ^ F2m+i © Wi^ (fc). 
Let {Vi,a,Pi) = y2m+i © Wi,{k) and (¥2,0,(32) = V2m+i © Wi.ik). Let Ti : 
Wi^{k) Wi^{k) and T2 : W/^lfc) — > ^^/^(fc) be defined as before. Assume 
there exists g : V2m+i © Wi^{k) V2m+i © ^[^{k) a Hnear isomorphism satis- 
fying (32{gv,gw) = (3i{v,w) and a{gv) = a{v). Define ip : W/^(fc) Wi^^k) 
by wi I— > (gwi projects to W^/^l^))- Then we have P{(p{wi),ip{w'i)) = l3{wi,w[), 
P2{<f{wi),(p{w'i)) = (3i{wi,w'i) and T2{(p{w)) = ip{Ti{wj){see proof of Lemma (2111) ■ 
Let Vi, i — 0, . . . ,m, and Ui, i = 0, . . . ,m — 1, he the basis of V2m+i as in 
Lemma [331 and [3^ Choose a basis T- pi,T-Ti, j — 0, . . . , k ~ 1, i ~ 1,2 oi Wi-{k) 
such that = T^n = 0, P(Tpp,,Ti'T,) = 5,,+j,,k-ih.j, PiTl' p„Tj- p^) = 

(3(T^'n,T^'Tj) = 0, a{T^p,) = S,,u^i and aiT^n) = 0. We have 

m k~l k — 1 

gvi = avi, i = Q,...,m, gu^ = ui/a + ^ aavi + ^ x^iT2P2 + ^ yaT2T2- 

;=o /=o ;=o 

Now we can assume 

fe— 1— i fc — 1— j m m — 1 

gT'lpi^ ^ aiT2+V2 + ^ bir2"'"'^'^2 + CjjVt + dijUj, j = 0, . . . , fc - 1, 

i=0 1=0 i=0 1=0 

fe— 1— J fe— 1— J m m — 1 

5^1 ^1 = X! 6*^2'^^ P2 + ^ fiT2'^^r2 + ^ g^j-y-j + ^ /lijUi, j = 0, . . . , fc - 1. 

i=0 i=0 i=0 1=0 

We have 

P{9Vi,gT(pi) = [3{v^,TIpi) ^ ^ d.,j ^ Q, i = 0, . . . ,to - 1, j = 0, . . . , fc - 1, 
/3(5?;„ 5Tf n) = T/n) = ^ h,, = 0, i = 0, . . . ,m - 1, j = 0, . . . , k - 1, 

c- ^"^"^ 

(3{gu.i,gT(pi) = f3{u.i,T(pi) = ^ — + ^ (a;.ii&fe-i-j-i + y.i;afe_i_j_i) = 0, 



a 

;=o 



(i(.{gui,gTlpi) = P^{ui,T(pi) = ^ £itM _^ ^ {xiibk-2-]-i + yiia.k-2-j-i) 



fe-2-J 



a 

;=o 



The last two equations imply that 

(1) Cm,k-^l = 0, Cy = Ct+lj-l, i = 0, . . . ,771 - 1, j = 0, . . . , /c - 1. 

Similarly we have 

(2) ffm.fe-l = 0,gy = 5i+lj_l,7 = 0, . . . ,777 - 1, j = 0, . . . ,/c - 1. 

We also have 

fe+1-2/1 

a(ffT^'"Vi) = "(T'l'^Vi) = 1 ^ cf„,/i-i + afa-Zi + X! ai^fe-+i-2ii-« = 1> 
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/c+1-2/2 

a{gT[--^pi) - «(r^^-Vi) = ^ cl^i,^, + ag + ^ a,bk+l-2l,-^ = 0, 

i=Q 

fc+l-2(2 

a(gr^="Vi) = a(r^^"Vi) = ^ .9™,i2-i + + X! a«^fe+i-2i2-» = 0- 

■i=0 

Since Z2 > ^i > + l]/2, we have fc + 1 — 2^2 < 0. Thus we get oq = Cm^i2_i 
and Co — gm,i2-i- Since > ^ — ™, by Equations ^ and ([2]) we get Cm,i2-i = 

5m,i2-l = (if h = k) or Cm.h-l = Co,(2+m~l = 0, 5m,;2-l = 90,l2+m-l = (if 

h < k). Thus ao = eo = 0. But from P{gpi, gT^-^Ti) = /3(pi,Tf"Vi) = 1 we have 
oo/o + eo&o = 1- This is a contradiction. □ 

It follows that for any V — (V^, a, /3^), there exist a unique to > and a unique 
sequence of modules Wi^ [ki), i = 1, . . . , s such that V = V2m+i ffl Wi^ (fci) ® • • • © 
WiSks), [{k, + l)/2] < k < h, ki > k2 > ■ ■ ■ > k„ h > h > ■ ■ ■ > Is and 
m > ki — li > k2 ~ I2 ^ ■ ■ ■ ^ kg — Is- Hence the nilpotent orbits can be classified 
by pairs of partitions (m, ki — li, . . . ,ks — ls){h, ■ ■ ■ where h > h > ■ ■ ■ > h > 
and m > ki — h > k2 — I2 ^ ■ ■ ■ ^ ks ~ Is > 0- The set of nilpotent orbits is in 
bijection with the set {{1^, fj,)\i^ = (vq, 1^1, . . . , Vs),P = (mi. M2, • • ■ , Ms), 1^*1 + \v\ = 
n-jVi < fj-i,i — 1, ■ ■ ■ , s}, which has cardinality P2{n) — P2{n ~ 2). 

3.3. In this subsection, we classify the form modules (V^,a,/3^) over Fg. We still 
have = V2m+i © for some m and Wf: fLemma I3.5ll3^ are valid over Fq). By 
the classification of (VF^, alvy^ , T^) over F^, we have = (BW[' (ki) where = or 
S, TOi > • • • > TOs, h > ■ ■ ■ > Is, nil ^ ^1 > • • • > iTT-s ~ Is and [(rrii + 1)/2] < h < rui 
(notation as in [7]). 

Lemma 3.15. Assume m > k-l. If I > m, then V2m+i®W°{k) = V2m+i®Wf{k). 

Proof. Let Wl^{k) = {Wi,a,Ti) and Wf{k) = {W2,a,T2). Take pi,p2 such that 
W^O(fc) = span{pi,...,rf-Vi,P2,...,ri'-V2} , a{Tlpi) = 6,^i.i, a(r>2) = 0, 
P{Tlpi,Tlpi) = (3{TIp2,TIp2) = and f3{TlpuT(p2) = S,+,^k-i. Take ti,T2 such 
that Wfik) = span{Ti, . . .,T^-^ti,T2, . . ■ ,Tt^T2} , T^ti = r|V2 = 0, ^(TIti) = 
(5,j_i, a(rjT2) = (5.,fc_i(5, l3{T^Ti,TiTi) = l3{T^T2,TiT2) = and l3{T^TuTiT2) = 
(5i+j.fc„i. Let be the basis of V2m+i as in Lemma 13.51 and 13.61 Define g : 

V^2m+i ® VF;0(fc) ^ F2r„+i © <(fc) by gv, = = + V^T^-^-^+Vi, 

^TiPi = Ta'^i, 5T1V2 = T2'^2 + V^w/c-i+m-i, where Wj = if « < or i > m. □ 

Lemma 3.16. ylssume m > fc-/. //Z < m, then F2m+ieT4^;°(fc) ^ y2m+i©l^/(fc)- 

Proof. Let u^, i = 0, . . . , to and Ui, i = 0, . . . , to — 1 be the basis of V2m+i as in 
Lemma [33] and EH Let W^{k) = (H/o,a,7o) and W^/(fc) = {Ws,a,Ts). Choose 
a basis T/p„ T.^r,, j = 0, . . . , /c - 1, e = 0, J of VFf (fc) such that T^pe = T^t, = 
0, P{Tilp,„T^^_T,,) = <5,,+,2,fc-i<5,„,2, /3(T^^p,,,r^^Pe2) = PiTi^T,„Ti^r,,) = 0, 
a{T^Pe) — (5j,;-i and a{T^T^) = ei5j^fe_ii5e^5. Assume there exists g : V2m+i ffi 
^;°(^) ^ ^2m+i ® W^/(^) a hnear isomorphism satisfying P{gv,gw) = f3{v,w), 
I3s{gv,gw) — /3o{v,w) and a{gv) — a(v). We have 

gvi = avi,i = 0, . . . ,to, gui = Ui/a + ^auvi + ^XiiTlps + ^j/iiT^r^. 
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Now we can assume 

k~l—j k — l—j m m— 1 

gT^po^ ^ aiTl'^'p&+ ^ fo^T^+V^ + ^ Cy + ^ dy w^, j = 0, . . . , fc - 1, 

i=0 i=0 j=0 i=0 

k—l—j fe — 1— j m m— 1 

^TqTO = X! ^i'^S^'P^ + X! f'^^s'^^'^S + ^ 5y + ^ /l^jUi, J = 0, . . . , - 1. 

1 = 2 = 2 = 2=0 

By similar argument as in the proof of Lemma l3.141 we get that Cm,k~i = 0, gm,k-i = 
0, Cij = Ci_(-ij_i, (7ij — i — 0, . . . , m — 1, j — 0, . . . , A: — 1. Since we have 

m > I, Cm,i — CQ,i+m = and g„i^i = go^i+m ~ when i > k ^ I. Wc get some of 
the equations are Cq + 0960 + Sb^ = 1,6^ + eo/o + S/q = and ao/o + ^oeo = 
1 (when Z (fc + l)/2) or af_j^_^ + Ej^o"^* + (^^fc-i-j = ^^.i-i^ 

ef_i_i + Ej=o"^' ejfk-i-2i-j + 5fl-i-i =0, k~l <i <l~l and ao/o + 6oeo = 1 
(when I > {k + l)/2). We get oo = /o = 1,6^ = 0, i = 0, . . . , 2Z - /c - 2 and 
^2;-fe-i + '52;-fe-i +(5 = 0. This is a contradiction. □ 

Recah we have the following lemma ([7]). 

Lemma 3.17. Assume ki > k2, h > h o,nd ki — li > k2 ~ h- Ifh +I2 > ki, then 
<(fci)©<(fc2) = Wf^{k,)®Wf^{k2) andW^^[k,)®Wf^{k2) = Wf^{k,)®Wl[{k2). 

Let G'(Fg), 0(Fg) be the fixed points of a Frobenius map relative to Fg on G, 

0- 

Proposition 3.18. The nilpotent orbit in q* corresponding to the pair of partitions 
{vq, 1^1, ... , i/s){l^i, IJ-2, ■ ■ ■ , Ms) splits into at most 2^ G{Fq)-orbits in 2{Fq)* , where 
k = #{« > lli^i < < Vi-i}- 

Proof. Let V = V2m+i T4^;i(Ai) © • • • © Wi^Xg) be a form module correspond- 
ing to {v^fi) over Fg. We show that the equivalence class of V over Fg decom- 
poses into at most 2*^ equivalence classes over Fg. It is enough to show that 
form modules of the form V2m+i © Wi^{\i) © • • • © Wi^{\s), = or 5, have 
at most 2^ equivalence classes over Fg. Suppose ii,...,ik are such that < 
Mi j ^ Pij-i, j = I, ■ ■ ■ ,k. Using Lemma 13.151 13.161 and I3.17[ one can easily verify 
that form modules of the above form is isomorphic to one of the following modules: 
V,''®- ■ •©14^'= ©14+1, where V,'' = V2„,+i®W°iXi)®- ■ ■®Wl'^^_^ (A,,_i)©W^,^; (A,J, 

Vt' = W^°,_,+,(A2.-,+i) © • • • © W^,°^_,(A,,_i) © W^l (A.J, /= 2, . . . ,/c, = or 
S, i = l,...,k, and Vk+i = W," (A^^+i) © • • • © (A^). Thus the proposition 

+1 s 

follows. □ 

Proposition 3.19. The number of nilpotent G{Fq)-orbits in g{Fq)* is at most 
P2{n). 

Proof. We have mapped the nilpotent orbits in g(Fg)* bijectively to the set {{v, ii)\v — 
{vo,vi,...,Vs),p. = (mi,M2, • • ■ ,Ms)JmI + W\ = n,i^i < p,i,i = l,...,s} : = A 
Let (i^, m) & a, v = {vo,i>i, . . . ,Vs), p. = (mi,M2,- • • )Ms)- By Proposition [3?lll 
the nilpotent orbit corresponding to (i^, m) splits into at most 2^ orbits in ^(Fg)*, 
where k = ^{i > l\vi < Pi < Vi-i}. We associate 2^ pairs of partitions to this 
orbit as follows. Suppose ri,r2, ...,rfe are such that < Pn < Vr--i,i — 1, 
Let v° = (z^o, . . . ,fri_i),M" = (mi: ■ • ■ iMri-i),i^^'' = ('^n, ■ • ■ , i^n+i-i), M^'' = 
(Mn, • ■ • ,Mn+i-i),i^^'* = (Mn, ■ • -,^^+1-1),^^'' = (i^n, • ■ . , J^r^+i-i), « = l,...,k- 
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= {lyr,,...,lys),^J-^'^ = {^r^,...,fj,.s),iy'^''' = {^lr^,...,^ls),^l^'^ = {Vr^,...,Vs). 

Then we associate to (j^, /i) the pahs of partitions (f^^i.- '^ft , ^ei, 

= (/z°,At'=i'\At'=2'2,...,/;i<^'"'=), where ti G {1,2}, 
i = l,...,k. Notice that the pairs of partitions (fy^i '■■■>«'=, yu*^! >■■■'«'=) are distinct 
and among them only {v,^) = {y^'- -^^ is in A. One can veriiy that 

e A} = {{y,ii)\\v\ + ImI = n}. □ 

4. EVEN ORTHOGONAL GROUP 

Let be a vector space of dimension 2n over k equipped with a non-defective 
quadratic form a : V ^ \<i. Let [3 : V x V ^ 'khe the non-degenerate bihnear 
form associated to a. The even orthogonal group is defined as G = 0(2n) = 
{g € GL{V) I a{gv) = q:(u),V u € and its Lie algebra is g = o(2n) = {x € 
0l(y) I /3(xz;,z;) = 0,V G V"}. Let G(Fq), ^(F,) be the fixed points of a split 
Probenius map S^g relative to on G, q. 

Proposition 4.1. The numbers of nilpotent G{Fq)-orhits in g{Fq) and in g{Fq)* 
are the same. 

The proposition can be proved in two ways. 

First proof. We show that there is a G-invariant non-degenerate bilinear form 
on = o(2n)(G. Lusztig). Then we can identify g and g* via this bilinear form 
and thus proposition follows. Consider the vector space /\ V on which G acts in 
a natural way: g{a A 6) = ga A gb. On f\ V there is a G-invariant non-degenerate 
bilinear form 

P{a,c) P{a,d) 



{a Ab,cAd) = det 



/3(6,c) (}{b,d) 



Define a map ^ : /\^ F — > o{V), a A 6 i— > ^aAb by 4>aAb{v) = (3{a, v)b + v)a and 
extending by linearity. This map is G-equivariant since we have (f)gaAgb = g4>a/\bg^^ ■ 
One can easily verify that 4>\s a. bijection. Define {<paAb, 4'cAd)o(y) = {aAb, cAd) and 
extend it to oiV) by linearity. This defines a G-invariant non-degenerate bilinear 
form on o{V). 

Second proof. With respect to a suitable basis, we can assume a{v) = v^Bv 

where ^ ) . Thus f3{v, w) = v'Sw where S ^ ( -^"^^ ) . Let 

^ be an element of g* . There exists X G gl{V) such that ^(x) = iv{Xx) for any 
a; e 0. We define = X SX^S. 

Lemma 4.2. is well-defined. 

Proof. It is enough to show the definition does not depend on the choice of X. We 

have tr(Xa;) = ir{X'x), V a; G fl, if and only li X + X' = (^^^^ ^ where 

Zl = Z2, Zl = Z3. This is true if and only if (3{{X + X')v., w) + f3{v, {X + X')w) = 
0,y V e V. which is equivalent to X + SX*S = X' + SX'^S. □ 

Lemma 4.3. Two elements & g* lie in the same G-orbit if and only if there 
exists g G G such that gT^g~^ = T^. 

Proof. Assume ^{x) = tT{X^x),({x) = tr(X^a;), Va; G g. Then lie in the same 

G-orbit if and only if there exists g € G such that tr{gX^g~^x) = tr(X^x), V x G 0. 
This is equivalent to P{{gX^g-^ + Xt^)v, w) + P{v, {gX^g-^ + Xt^)w) = 0, W v eV, 
which is true if and only if gT^g~^ = Tf . □ 
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Note that j3{T^v,v) = for any v e V. Thus e q. We have in fact defined 
a bijection '■ Q* ^ Q, ^ T^- Furthermore, 6\j\/-i : M' A/" is a bijection and 
9\j\/' is G-equivariant by Lemma [4. 3[ where A/''(resp. M) is the set of all nilpotent 
elements in 0*(resp. g). The proposition follows. 

5. Springer correspondence for g* 

5.1. Let G be an adjoint algebraic group of type B,C or D over k (k algebraically 
closed) and g be its Lie algebra. Let g* be the dual space of g. Fix a Borel subgroup 
B C G and a maximal torus T C B. Let B — T.U he the Levi decomposition of 
B. Let b, n and t be the Lie algebra of B, U and T respectively. Let B = G/B 
be the variety of Borel subgroups in G. Let b' — e £I*IC('^) = 0} and n' = G 
g*|^(b) — 0}. Let J\f' be the set of all nilpotent elements in g*. Recall that in [7] 
we have map ip : X ^ {{x,gB) S g x G/B\Ad{g~^)x G b} ^ g, {x,gB) i-^ x. 
Define ip' : X' ^ {(LgB) G g* x G/B\g-\^ G b'} -> g*, {i,gB) ^ Let 
X" = {{^,gB) G g* X G/B\g-\^ e n'} c X'. Define ip" : X'[ M' to be the 
restriction of ip' on X" . Fix a nontrivial character ?/> : Fg ^ Q^, where / 7^ 2 is 
prime. 

Propositions.!. We /laue T^^'^'^'^ViQix [dim G] = w-^-^CQiX" [dimX"] (- dim S), 
where ij^i : M' —>■ g* is t/ie inclusion. 

Proof. We have — p o i, where i : X ^ g x G/B, {x,gB) {x,gB) and 
p : g X G/B G/B, {x,gB) ^ gB. Similarly, ip' ^ p' o i' , where i' : X' ~* 
Q* X G/B, (^,gB) ^ {^,gB) and p' : g* x G/B ^ G/B, (^,gB) ^jB. Thus 

Ts/^P'^^^^iQ^x) - rs/^P'=^''(p,j,Q,x) = pfT^^ziQ/x. We have t^.Qix = 

(i' o i")^,Qix" [dim g — 2 dim B] (— dim i?) (see for example [3] Corollary 13.4), where 
i" : X" — > X' is the inclusion. Notice we have a commutative diagram 

X" >JV' . 

i" 

X' fl* 

i' id 

r X G/B^^^ ^g* 

Thus pf (i'oi")*QiX" [dim g-2 dim B] (- dim B) i A/-'*(prQ;x" [dim g-2 dim B] (- dim B) . 
The proposition follows from dimX" — dimg — 2dimi?. □ 

Let Z ^ {(e,Bi,B2) G g* X 6 X S|e G b'l n b!,} and Z' = {{^,Bi,B2) G g* x 
e X G n'l n n'2}. We have Z = Uo^o and Z' = UoZ^, where O runs through 
the orbits of G-action on BxB, Zq = {{i,Bi,B2) G Z\{Bi,B2) G O} and Z'^ = 
{{i,Bi,B2) G Z'|(Bi,B2) G O}. Given a G-orbit c' in TV' C g*. Let ^ G c'. 

Lemma 5.2. (i) dimZ = dimg, dim Z' = dimg — r. 
(ii) dim{Bi G B\i G n'l} < (dimg - r - dime'). 

Proof, (i) Consider Zq O, {^,Bi,B2) ^-> (Bi,B2). We have dimZo = dimO + 
dim(b'2 n b2) = dimG — r — dim(ni n 1x2) + dim(bi n b2) — dimG. Similarly one 
proves dim Zq = dim G — r. Then (i) follows. 
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(ii) Let Z'(c') = {{C, Bi,B2) e Z'\^ e c'} and consider Z'(c') ^ c', (^', Si, B2) i-^ 
C'. The fiber of ^ e c' is {Bi e G x {Si e S|e G <}. Tlius it follows 
2dim{B G G n'} = dimZ'(c') - dime' < dimZ' - dime' = dimG - r - dime' 
and (ii) holds. □ 

Let 21' be the set of all pairs (c',JF') where c' is a G-orbit in M' and is a 
G-equivariant local system on c'. Note that the map ip" is G-equivariant with 
G-action on X" by {^gB) {go-t9ogB). 

Proposition 5.3. The G-equivariant s/iea/ (/s/Q/x" semisimple per- 

verse sheaf and it has decomposition 

¥';'(QiX"H(y) = Vc',:f' <» IC{c' ,J^')[dimc'](extend by on N' - c'), 

(c%J^')62l' 

where m — dim A/"' = dim G — r . 

Proof. We have that ip" : X" Af' is proper and dimX" = dim A/"'. It follows 
from Lemma O that dim{^ G Af'\2dim(p"~^{x) > i} < dimW' - i for all i > 0. 
Thus (f" is a semi-small map. Hence 'p'/Qix"[m]{Y) is a perverse sheaf on JV' . It 
is semisimple by the decomposition theorem([T]). Since it is G-equivariant and Af' 
consists of finitely many G-orbits, it follows that it has the decomposition as in the 
proposition. □ 

Let W be the set of simple modules (up to isomorphism) for the Weyl group W 
of G. Recall that we have (fiQix = 0pgH/ {(piQix)p- 

Theorem 5.4. For any p G ^¥ , there is a unique (c',JF') G 21' such that 
T^^ '^^'^'^^ {ip\Q,ix) p[n\ is /G(c', JF')[dimc'](— n) regarded as a simple perverse sheaf 
on g* (zero outside c), where n = dimG. Moreover, p 1— > (c', JF') is a injective map 
7 : ^ 21'. 

Proof. We have 

t;^'''''\^<.Qix) = p0T«/^P^^^^!Q,x),. 
pew 

Note each Ty'P°"*'((p!Q,x)p is a simple perverse sheaf on g*. On the other hand, 

K'.^'®iAA'*/C(c',.F')[dimc'](-n). 
(c',j^')e2i' 

Thus the comparison of the two decompositions defines the injective map 7. □ 

5.2. Let G be a symplectic group or orthogonal group and g be its Lie algebra. 
Let g* be the dual space of g. Let Gad be the adjoint group of the same type as 
G. Let Qad be the Lie algebra of Gad and g*^ be the dual space of Qad- We have 
that the number of nilpotent Gad (Fg)-or bits in Qad(Fq)* is equal to the number of 
nilpotent G(Fg)-orbits in g(Fg)*. 

Let 21' be the set of all pairs {c',J-') where c' is a nilpotent G-orbit in g* and 
is an irreducible G-equivariant local system on c' (up to isomorphism). Let 
21 be defined as in the introduction for Gad- The same argument as in [7] shows 
that the number of elements in 2t'(resp. 21^^) is equal to the number of nilpotent 
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G(Fq)(resp. Gad(Fq))-orbits in 0(Fg)*(resp. 0ad(Fq)* ) (for q large). It follows that 
the number of elements in 21'^^ is equal to the number of elements in 21'. 

Let W be the set of simple modules (up to isomorphism) for the Weyl group W 
of G. (A description of W is given for example in [6].) 

Corollary 5.5. |2t;,rf|=|2t'|=|T^I- 

Proof. For G even orthogonal group, this follows from the above argument, Propo- 
sition and Corollary 6.18 in [7]. For G symplectic group or odd orthogonal 
group, it follows from Theorem 15.41 that this number is greater than \W\. On the 
other hand, this number is less than \W\ by Proposition l2.14[ Proposition 13 . 191 and 
the above argument. □ 

Corollary 5.6. The map 7 in Theorem \5.4\ is a bijection. 

Corollary 5.7. Proposition \2.1S\. Corollary \2.13l Proposition \2.14\ Proposition 
\3.1^^ and Provosition \S.l^ hold with all "at most" removed. 

Proof. This follows from the same argument as in the proof of Corollary 6.18 in 
[Z] (see Proposition O and [6J|) • □ 

6. CENTRALIZERS AND COMPONENT GROUPS 

6.1. Symplectic group. Let V = ® ^x(m2) (™2) © ■ • • © (™'*)' 

™i ^ ■ ■ • > "m-s, be a form module corresponding to ^ € q* . Let be defined 
as in subsection 12.11 Let Z{V) = {g G GL{V)\(}{gv, gw) = P{v,w),a^{gv) = 
•^4(9)1 y v,w € V} be the centralizer of ^ in G. 

Proposition 6.1. dimZ(V^) = Ej=i((4i - l)™i - 2x(™i))- 

Proof. We argue by induction on s. The case s = 1 can be easily verified. Let 
CiV) = {ge GL{V) I gT^ = T^g}. Let Vi = W^^^,){m,) and V2 = W^^^,){m2) © 
■ • •©W^j^(ms) ("T-s)- Consider Vi as an element in the Grassmannian variety Gr(V, 2mi) 
and consider the action of G{V) on Gr{V, 2mi). Then the orbit of Vi has dimension 
dimHom^(Vi, V2) = ^J2i=2''^i- Consider now the action of Z{V) on Gr{V,2mi). 
The orbit Z{V)Vi is open dense in G{V)Vi and thus has dimension 4:J2i=2 We 
claim that 

(*) the stabilizer of Vi in Z{V) is the product of Z{Vi) and Z{V2). 
ThusdimZ(F) = dim Z(t/i)+dim Z(F2)+dim Z(F) Vi = 3mi-2x(TOi)+E'=2((4i- 
?>)mi — 2x{mi)) + '^^i — Si=i((4* ~ l)™j ~ 2x(»Tii)) using induction hypoth- 

esis. 

Proof of (*): Assume g : Vi ® V2 ^ Vi (B V2 lies in the stabihzer of Vi in Z{V). 
Let pij, i,j — 1,2 be the obvious projection composed with g. Then p\2 = 0. We 
claim pii is non-singular. It is enough to showpn is injective. Assume pii('yi) = 
for some wi € Vi. Then we have f3{gvi,gv[) = P{piiVi, gv[) = = P{vi,v[) for any 
v[ £ Vi. Since (3\vi is non-degenerate, we get vi — 0. Now for any V2 € V2, wi £ Vi, 
we have [3(gvi,gv2) = PipiiVi,p2iV2 + P22V2) = /3(piiWi,P2iW2) = P{vi,V2) = 0. 
Again by non-degeneracy of /3 on Vi and pu being bijective on Vi, we get ^21(^^2) — 
0. Then (*) follows. □ 

Let r = #{1 < i < s\x{mi) + x{m^+l) < and xif^i) > ^^^^}- 

Proposition 6.2. The component group Z{V)/Z^{V) is TL\. 
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Proof. Assume q large enough. Same argument as in the proof of Proposition 7.1 
in shows that Z{V)/Z^{V) is an abehan group of order T' . We show there 
is a subgroup {'L2Y C Z{V)/Z{Vf. Thus Z{V)/Z{Vf has to be {I.2Y ■ Let 
1 < ii, ■ ■ ■ , V < s be such that x(™ij) > (wi, - l)/2 and x(mjj + x(mi^+i) < Wi,, 
J = 1, . . . ,r. Let = ("^^,-i+i)^(™^^_^_^,) • • • i = 1> • ■ • - '^ - 1, where 

= 0, and K = K.-i+i)x(m.,_i+i) • ■ ■ '^^^^ ^ = V^i®V'2®- ■ '©K- We 

have Z{Vi)/Z^{V^) = Z2, i = 1, . . . , r. Take g, € such that g^Z^{Vi) generates 

Z{V,)/Z^{Vi), i^l,...,r. Let g, = Id® ■■■®g^® Id, i = l,...,r. Then we 
have 5i € -^(T^) and gt ^ Z°{V). We also have the images of gi^ • ■ • ffip's, 1 < ii < 
• • • < Zp < r, p = 1, . . . , r, in are not equal to each other. Moreover 

gf e Z°{V). Thus the g,Z°{Vys generates a subgroup (Z2Y in □ 

6.2. Odd orthogonal group. Let {V,a,f3^) be a form module corresponding to 
^ G 0*. Assume the corresponding pair of partitions is (i/p, . . . , Vs)ifJ-i, ■ ■ ■ , fJ-s)- Let 

C{V) = {g e GL(-l/)|/3(g«,gH = p{v,w), (3^{gv, gw) = Pd^,w), yv,weV} and 
Z{V) = {.g e C{V)\a{gv) = a{v), W veV}. 

Lemma 6.3. |Z(F2™+i)(-Fg)| = <?" and |C(F2™+i)(Fg)| = g2m+i_ 

Proof. Let V2m+i = spanjvo,''' j^'mj^o,--- ,Um-i}i where are chosen as 

in Lemma [3.51 and Lemma [3.61 Let g € C(V2m+i)- Then g : V2m+i 1^2m+i 
satisfies g'^Sg = S and g*X^g = A"^. Since (A^ + '^■5') X^ilLo = we have 
(A5 + A5)E™o5^*^' = (5*);H^? + A^)E"o^»A' - 0- This implies E"o5^^« A' = 
o^j^QfiA* for some a £ F*. Namely we have gvi — avi, i = 0, . . . , m. Assume 

5"^ = Z]feLo"»fc^fe + J2T=o'^ikUk. We have [i{gvi,guj) = abji = P{vi,Uj) = 5i,j, 
P{gut,guj) = a{aikbjk+hkajk) = a{a^j+aji) = (3{ui,Uj) = 0, f3^{gvi+i, guj) = 

afoji = P^{vi+i,Uj) = Si^j and P^{gui,guj) = J2k=i '^i"'ikbj,k~i + bi,k^iajk) = 
a{aij^i + i+i) = j3{ui,Uj) — 0. Thus we get gVi = avi,i = 0, . . . , m, and 
gui = Uj/a + I]Jlo °"io'"h « = 0, . . . , to - 1, where a^-,- = a^i, a^j+i = aj,i+i, < 
J < m - L Hence |C(y2m+i)(F,)| = 
Now assume g € Z{V2m+i)- Then we have additional conditions a{gvi) — 
a'^a{vi) = a{vi) = Si^m ^ a = l &nda{gui) = a(ui/ a+Y.'^^QaijVj) = af^+au/a = 
=0, i = 0,...,m-l. Hence |Z(V2™+i)(F,)| = g™. □ 

Assume V = V2m+i as in Lemma [?75l 
Lemma 6.4. \C{V){Fg)\ = \C{V2„,+i){Fg)\ ■ \C{W){F,)\ ■ q''"^'^ . 

Proof Let g e C(y). Let pn : y2m+i V2m+i,Pi2 ■ Vim+x W, P21 : 
W — > V2m+i and P22 : ^ be the projections composed with g. Let Vi,Ui 
be the basis of V2m+i as before. By the same argument as in Lemma 13.91 we 
have gVi — avi for some a and P22 S C(W). Let w S M^. Assume gui = 
Sjlo + I^j=o^ + Pi2(ui)- We have l3{v^,Uj) = I3{gv^,guj) = abj^ = ^^j, 
thus = Sij/a. Now P{gvi, gw) = (3{vi,w) = implies p2i(w) = X^IIlo ^i"''^*- Thus 
I3{gui,gw) = /3(pi2(ui),P22(w)) + 6f /a = and I3^{gui,gw) = P^{pi2{ui),P22{w)) + 
b'f^Ja = 0. This gives us 6f = a/3(pi2K),P22(w)), i = 0,...,to- = 

a/35(pi2(ui-l),P22(w)), i = 1, . . . ,TO. ThuS/35(pi2(Ui-l),P22(w)) = /5(P12(Mj),P22(w)), 

? = 1, . . . , m — 1. This holds for any w £W . Recall on W , l3^{p\2{ui-\)-,P2i{w)) = 
/3(rjpi2(Mi_i),p22(w)). Since P22 is nonsingular and /^Ivyxw is nondegenerate, we 
get pi2(mi) = r|pi2(Mo), i = 0, . . . ,TO - 1, and 6f = a/3(r|pi2(uo),P22w). 
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Hence we get gvi = avi, i = 0, . . . ,m, gui Z^Jlo ^iJ'"J + Ui/a + T^pi2{uo), i = 

0. . . . , TO — 1, = X^ilo o.P{T^Pi2{uo),p22w)vi + P22(w), V w G W. Now note that 
Pi2{uq) can be any vector in W . It is easily verified that lemma holds. □ 

Proposition 6.5. dim Z[V) = uo + Yfi=i + 1) + Yfi=i ^^^(4* - !)• 

Proof. hctV = V2m+i®Wi^{mi)® - ■ -QWiSms) = {V,a,(i^). l.ctW = Wi^{mi)® 

• • • ® Wi^{ms). We have dimC(Ty) = YJl^^{'^i - l)m, and dimC(y2m+i) = 2to + 

1. By Lemma iH dimC(\/) = dimC(Ty) + dimFam+i + dimW = E-^i(4i - 
l)TOi + 2m + 1 + 2^^^j^ TO^. Consider V2m+i as an element in the Grassmannian 
variety Gr(V^,2TO + 1). Let C{V)V2m+i be the orbit of V2m+i under the action of 
C{V). The stabilizer of Fzm+i in C'iV) is the product of C(y2m+i) and CiW). 
Hence dimC(y)V2m+i = dimC(y) - dimC(V2,„+i) - dimC(Ty) = ^Y^Ui^^- 
We have dimZ(y)y2m+i = dimC(y)y2m+i. Hence dimZ(y) = dimZ(y2m+i) + 
dimZ(M^) + dimZ{V)V2m+i =m + E'=i((4i + l)m, - 2k) = 1^0 + EUi M'^i + 
l) + ELiM.(4*-l). □ 

Lemma 6.6. \Z{V)(Fg)\ = 2''g^™^(^)+ lower terms, where k = #{i > < 

Proof. If ^{i > l|t/i < Hi < i^i-ij^O, assertion follows from the classification of 
orbits. Assume 1 < i < s be the minimal integer such that vt < l^t ^ J^t-i- Let 
Vi = V2m+i ® Wi where Wi = Wi^{mi) ® ■ ■ ■ ® Wi^_, (mt-i) and 11^2 = W/, {nit) ® 

• • • ® VF;, {rris). We show that 

(3) \Z{V){F,)\ ^ \Z{V,)iF,)\ ■ \Z{W2)iF,)\-q^\ 

where vi = dim VF2 + dimHomyii(Wi, W2). Again consider Vi as an element in the 
Grassmannian variety Gr(V, dim Vi). We have 

W'"'^-'^'" ^ |c(v-.)(F.)Maw,)(P.)| 

|C(F2„+i)(F,)| ■ \C{W, ® Ty2)(F,)| ■ gdW+W.) 
|C(y2™+i){F,)| . |C(M^i)(F,)| . gdimW) . |C(I^2)(F,)| ^ " 

In fact, let pij, i,j = 1, 2, 3 be the projections of 5 G C{V). Assume g is in the sta- 
bilizer of Vi in C{V). Then we havepia = P23 = 0. Same argument as in Lemma [6. 41 
shows P22 is nonsingular and we have gvi = avi, i = 0, . . . , to, gui = X]j=o + 
u,/a+T^pi2{uo), i = 0, . . . , n2-l,gwi = J^TLo a/3(T'|pi2(uo),P22t«i)f 1+^22(^1), V wi G 

W^l,ffW'2 = I]™o"^(^|?'l2("o),P22W2 +P23W2)Vi +^22(^2) +^23(^2), V ^2 € M^2- 

Now (3{gwi,gw2) = /3(p22(wi),P22(u'2) +^23(^2)) = /3(p22(wi),p22(w2)) = 0, for 
any wi G W\ and W2 S W2. Since P22 is nonsingular and /^liyixVKi is nonde- 
generate, we get ^22(^2) = for any W2 S W2. Thus the stabilizer of V\ in 
Ciy) is the product of Ciyx) and C(W2) and (|4]) follows. As before, we have 
C{y){yx ® W2) = C(y)(yi) ® C(l/)(iy2) implies C{y){yr) = l^i and C{V){yV2) ^ 
W2. Thus |C(y)(Vi)(Fq)| = |Z(y)yi(F,)| =9'^^ Since the stabilizer of in 
is the product of Z{Vi) and Z{W2), ([3]) follows. Now lemma follows by induction 
hypothesis since we have dimZ{V) ~ dimZ(T4) + dimZ(M^2) + ri. □ 

Proposition 6.7. The component group Z{V)/Z'^(V) is {^2)^ , where k — ^{i > 
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Proof. Lemma 1121 and the classification of nilpotent orbits in g{Fq)*{q large) show 
that Z{V)/Z'^{V) is an abelian group of order 2'^. It is enough to show that 
there exists a subgroup (Za)'' C Z{V)/Z°{V). Assume V = "l^m+i © W^;''(rni) © 
••• ® Wi"{ms). Let ii < 12 < ■ • • < ifc be the i's such that < ^J-i < Vi^i- 
Let Vo = V2m+i © W^^{mi) © • • • ® W^;';^!"' (m,,_i) and Wj = W^' (m,J ® • • • © 

^li^ti-^ i = 1, • • • , fc, where i^+i = s + L We have Z{V^)/Z\Vq) - {1} 

and Z{Wj)/Z^{Wj) = Z2, j = 1, . . . , /c. Suppose e Z(Wj) such that .9j^°(Wj) 
generates Z{Wj)/Z^{Wj). Let 5^ ^ Id ® ■ ■ ■ ® gj ® ■ ■ ■ ® Id, j = 1, . . . , fc. Then 
5, 6 Z{V), g, i Z\V), ~g] e and • • -g,-, ^ ^"(F) for any 1 < ji < 

ji < ■ ■ ■ < 3r < r = \, . . . ,k. Thus gjZ°{Wj), j ~ 1, . . . ,k generate a subgroup 

□ 



Acknowledgement 

I would like to thank Professor George Lusztig for his guidance, encouragement 
and help during this research. 

References 

[1] A. Beilinson, J. Bernstein and P. Deligne, Faisceaux pervers. Asterisque 100(1981). 
[2] W.H. Hesselink, Nilpotency in Classical Groups over a Field of Characteristic 2. Math. Z. 
166(1979), 165-181. 

[3] V. Kac, B. Weisfeiler, Coadjoint action of a semi-simple algebraic group and the center of 
the enveloping algebra in characteristic p. Nederl. Akad. Wetensch. Proc. Ser. A 79=Indag. 
Math. 38(1976), no. 2, 136-151. 

[4] R. Kiehl, R. Weissauer, Weil conjectures, perverse sheaves and /'adic Fourier transform. 
Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in 
Mathematics, 42. Springer- Verlag, Berlin, 2001. xii-|-375 pp. ISBN: 3-540-41457-6. 

[5] D.B. Leep, L.M. Schueller, Classification of pairs of symmetric and alternating bilinear forms. 
Exposition. Math. 17(1999), no. 5, 385-414. 

[6] G. Lusztig, A class of irreducible representations of a Weyl group. Nederl. Akad. Wetensch. 
Indag. Math. 41(1979), no. 3, 323-335. 

[7] T. Xue, Nilpotent orbits in classical Lie algebras over and the Springer correspon- 

dence. (2008) arXiv:08d8T2995l 

Department of Mathematics, Massachusetts Institute of Technology, Cambridge, 
MA 02139, USA 

E-mail address: txueamath.mit.edu 



